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       HINTS, SOLUTIONS & COMMENTS ON

June 2011
PREPARATION QUESTIONS 
1.
The fundamental inequality is that any square is non-negative, and we can use this here.


The given inequality 
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, which is true since

x > 0. Since the implications signs work both ways, the result follows.  However, one can also make use of the general result known as the AM-GM inequality which states:  “For any set of positive values a1, ..., an,  the Arithmetic Mean is greater than or equal to the Geometric Mean.”   i.e. 
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 (equality occurs when all the ai are equal).

The AM of x and 1/x is ½(x+1/x), and the GM is 1.  The result follows.  Note now that this gives a very powerful result: the sum of any positive quantity and its reciprocal is always at least 2.  e.g. For positive x, y,  x/y + y/x ≥ 2  (with equality when x = y).  Be careful with inequalities whenever you are multiplying by a quantity which could be negative.

2.
Armed with the AM-GM inequality, note that ½(a + b) ≥ √(ab).  You are now nearly there!

3.
Note that  (x+y+z)(1/x + 1/y + 1/z)  =  1 + x/y + x/z + y/x + 1 + y/z + z/x + z/y + 1.  This is at least 9, by the result of Q1.  Hence the result.   Note: the reciprocal of the mean of the reciprocals of a set of values is called the Harmonic Mean, and if the values are all positive it is in fact true that AM ≥ GM ≥ HM.  The result of Q3 is simply AM ≥ HM for x, y, z.

4.
Note that BP/PD is in the ratio of the heights, and hence the areas of ∆s ABC and ADC, 

taking AC as the base of each.  But the ratio of the areas is also
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Since (ABC + (ADC = 180( (opposite angles of a cyclic quadrilateral add to 180(), 

sin ABC = sin ADC and the result follows.

5.
[Note: a good clear diagram with ruler and compasses is essential!]  There are several methods, I suspect.  One is: draw the tangent (to both circles) at T.  Mark points on it P (on the A side) and Q (on the B side).  Let AT meet the small circle at S.   If (PTA = ( then (TPS = ( (alternate segment theorem). If (QTB = (, then (PAT = ( (alt. seg. thm in large circle).  If (APS = γ, then (ATP = γ (alt seg thm) and (ASP = ( + γ (exterior angle of ∆STP).  Adding the angles of ∆ASP gives ( + γ + (( + γ) = 180(.  So 2γ = 180 ( (( + () = (ATB as required.

6.
Extend BA to a point X.  We have: (BAD = (CAD = ( (say), and (CAE = (XAE = (’ (say), where 2( + 2(’  = 180(.  You need to decide on a strategy for proving that MA is a tangent to circle ABC.  One good approach is to try to prove that (CAM = (ABC.  This would prove that MA is a tangent by the converse of the alternate segment theorem.  Note that (DAE = ( + (’ = 90(.  So DE is the diameter of the circle DAE, and moreover M is its centre (converse of ( in semicircle is 90().  If (ABC = (, then (ADC = ( + ( (exterior angle of triangle), so (DAM = ( + ( (∆ADM is isosceles).  So (CAM = (( + () ( ( = ( = (ABC as required.

7.
Since 2002 ( 3 = 667 and a bit, there are 667 multiples of 3, similarly 
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 = 400 multiples of 5, and 
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= 286 multiples of 7 (
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 means “the integer part of x”).  However, the multiples of 15 have been counted twice, so we need to subtract 
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 = 133, and also the multiples of 35 and 21 similarly.  But now we have counted the multiples of 3 ( 5 ( 7 three times and then subtracted them three times so we must add them in again.  [The technical name for this is the “Inclusion-Exclusion Principle” and is best understood by drawing a Venn Diagram of 3 intersecting circles for the three categories.]

8.
We get triangles by choosing 2 points from one line and 1 point from the other.  This can be done in 11C2 ( 10C1 + 10C2 ( 11C1 ways.

9.
Between 1 and 100, there are 33 multiples of 3, 11 multiples of 9, 3 multiples of 27 and 1 multiple of 81.  Hence the highest power of 3 is 33 + 11 + 3 + 1 = 48,  i.e. 348.

10.
The pigeon-hole principle states that if you have more pigeons than boxes, then at least one box must contain more than one pigeon (look it up if you want a formal statement! see Dirichlet.).  How does it apply here?  Well, if you categorise cubes by their remainder when you divide by 2002, all we have to prove is that there are two cubes which have the same remainder.  But the only possible remainders are 0, 1, ..., 2001, i.e. a total of 2002 possible boxes to put the cubes in.  But there is an infinity of cubes.  Therefore at least one box must contain more than one cube (probably loads more, but all we need is one more).

11.
Either use AM-GM on x² and y², then y² and z² etc or consider (x ( y)² + (y ( z)² + (z ( x)².

12.
This introduces an important idea, that if a divides b, then a divides b ( a or indeed anything of the form b ± ka, where a, b, k are any whole numbers.  

So since n² ( 7n + 10 = (n ( 3)(n ( 4) ( 2,   n ( 3 will divide n² ( 7n + 10  if and only if  n ( 3  divides 2.   There are only four divisors of 2, namely ±1 and ±2, so n must be 4, 2, 5 or 1.

13.
This question looks very scary at first!  But don’t panic!  With functional equations, just note that the given statement is true for all x in the domain.  So you can put in specific values of x to find out certain things, or substitute different expressions.  Here, after a little messing around, you notice that if you replace x by 1/x, the two operands are reversed, so you get two simultaneous equations in 
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.  If you then eliminate one of these you will get a simple expression for one of them, from which you can deduce f(x) is a constant.

14.
This remarkable fact about the Fibonacci Sequence can be proved by Induction as follows:


Fn+1Fn(1 ( Fn² = (Fn + Fn(1)Fn(1( Fn² =  Fn(1² ( Fn (Fn ( Fn(1) = Fn(1² ( FnFn( 2 


= ( (FnFn( 2 ( Fn(1²) = ( ((1)n( 2 by the inductive hypothesis, so = ((1)n(1 as required.

15.
What a beautiful question!!  Suppose p² = “abcd”, i.e. 1000a + 100b + 10c + d;


then q² = 1000(a+1) + 100(b+1) + 10 (c+1) + (d +1).  Subtracting gives q² ( p² = 1111 which is 11 ( 101.  Both of these are prime so q ( p = 11 and q + p = 101, giving q = 56, p = 45.

16.
It is instructive to draw a triangle and its incircle and note that the 3 inradii split the sides into parts of s ( a, s – b and s ( c and also note that the area of the triangle is rs if r is the inradius.


However, to prove Heron’s formula, note that by the Cosine Rule, cos A = (b² + c² ( a²)/(2bc).

Area of ∆ABC = ½bc.sin A = ½bc√(1 ( cos²A) = ½bc.√{(2bc)² ( (b² + c² ( a²)²}/(2bc)

= ¼√(2bc ( (b² + c² ( a²))(2bc + (b² + c² ( a²))  =  ¼√{a² ( (b ( c)²}{(b + c)² ( a²}

= √{½(a + b ( c).½(a + c ( b).½(b + c ( a).½(b + c + a)} = √{s(s ( a)(s ( b)(s ( c).
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